Fourier expansion along geodesies 



Anton Deitmar 



Abstract: A growth estimate on the Fourier coefficients along geodesies for 
eigenfunctions of the Laplacian is given on compact hyperbohc manifolds. 
Along the way, a new summation formula is proved. 
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Introduction 

Let y be a compact hyperbolic manifold and let c be a closed geodesic in Y. 
We are interested in the Fourier coefficients 

Ck{f)= f f{c{U))e-^^''''dt, kez, 
Jo 

of a smooth function / G C°°(Y). Here Ic is the length of c. Under the 
assumption that / be an eigenfunction of the Laplace operator on Y with 
eigenvalue fj,, one can relate Ck to an intertwining integral /^(/), which de- 
pends on /i and /, but not on c. Namely, there is an automorphic coefficient 
Ofc G C such that 

Ck = akikif)- 

The sequences (cfc) and (/^ (/)) are rapidly decreasing, so there is no a priori 
knowledge on the growth of (ofc). Surprisingly, it is possible to prove the 
following bounds, which constitute the main result of the paper. 

If dim Y = 2, then, as T ^ oo, 

fcez 
|fc|<T 

If dimy > 2, then 

^|afcp < oo. 

fcez 

The proof uses two expicit summation formulae (Theorems 14.11 and I4.H|1 . 
which are presented as results of own interest. The proof of these two relies 
on the uniqueness of intertwining functionals (section ^ and the uniqueness 
of trilinear products [2]. The idea that uniqueness of trilinear products to- 
gether with explicit formulae can be used to derive growth estimates is due 
to Bernstein and Reznikov P, the idea that this can be used for Fourier 
expansions along geodesies was formulated in the arguments in section 
El are inspired by similar ideas in that paper. 

We will explain the construction of the factors in a bit more detail. Let 
X be the universal covering of Y and F its fundamental group. Then F 
acts on X by isometrics and Y is the quotient F\X. So F injects into the 
isometry group G of X, which acts transitively on X, so X = G/K for a 
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subgroup K, which turns out to be compact. Let (vr, V^) be an irreducible 
unitary representation of G and let r/ : Kr — > L'^{r\G) be an isometric linear 
G-map. Let Pk : L\T\G) L\T\G)^ = L\T\G/K) = L\Y) denote the 
orthogonal projection onto the subspace of iT-invariants. Demanding that 
/ G C°°{Y) be an eigenfunction of the Laplacian amounts to the same as 
demanding / to lie in the image of Pk o t] for some vr and 1]. The functional 
= CfcoP^ory on then has an intertwining property with respect to a split 
torus A inside G. By a uniqueness result, proven in section |2l this implies 
that I2 is a multiple of a canonical intertwiner on Kr, which we named 
above. So we get the existence of a factor G C with = Ofc/^ = Ofc/^ as 
above. 



1 Generalised period integrals 

Let d be an integer > 2 and let Y be an orientable compact hyperbolic 
manifold of dimension d. For a closed geodesic c in y let /(c) denote its 
length. The period integral /c(/) = Jq^^^ f {c{t)) dt is the zeroth coefficient 
of the Fourier-expansion of the function t t— > f{c{t)). Therefore the higher 
coefficients can be viewed as "generalised period integrals" . We compute this 
expansion by temporarily turning to the more general setting of functions on 
the sphere-bundle SY over Y. In the SY, the geodesic c lifts to a closed 
orbit, again denoted c, of the geodesic flow 0^. For a given point xq G c one 
is interested in the Fourier-expansion of the function 1 1— /(0tXo), where now 
/ is in C^{SY). 

Let X be the universal covering of Y and let G be the group of orientation 
preserving isometrics of X if (i > 3, and for d = 2 let G he the group 
of all isometrics of X. Then G is isomorphic to the connected component 
SO{d, 1)° of the special orthogonal group SO{d, 1) if c? > 3, and for = 2 
one has g = PGL2(M). The group G acts transitively on X, which thereby 
can be identified with G/K, where K ^ SO{d) if > 3, and K ^ 0(2) if 
d = 2, is the maximal compact subgroup of G. The Riemannian metric on 
X determines an invariant symmetric bilinear form b on the real Lie algebra 
flR of G. Let C Qr be the Lie algebra of K. Then b is negative definite 
on Jr and positive definite on its orthogonal complement pR. Let Or be a 
one-dimensional subspace of pR, and let A = exp(aR) be the corresponding 
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subgroup of G. Then A is closed and non-compact and its centraliser equals 
AM, where M is the centraliser of A in K. Let a be the complexification 
of Ok and a* the dual space of a. Then a* can be identified with the set of 
continuous homomorphisms from A to C^. For A G o* we write a ^ — 
gA(ioga) fQj. ^Yie corresponding homomorphism. It is known that G/M ^ G/K 
can be identified with the sphere-bundle oi X — G/K in a, way that the 
geodesic fiow is given by 



where Hi is a fixed element of Ok with b{Hi, Hi) = 1. 

The fundamental group F of F acts on X by deck-transformations and can 
thus be viewed as a uniform lattice in G. It follows that Y = T\X = T\G/ K. 
The sphere bundle SY equals T\G/M. 

A closed geodesic c in Y gives rise to a conjugacy class [7] in F of elements 
which "close" c. Any such 7 e F is hyperbolic in the sense that it is conjugate 
in G to an element of the form a^m^ G AM with 7^ 1. The characters of 
the compact abelian group A/ (a^) are given by those A G a* with = 1, i.e., 
A(loga^) G 27riZ. Let A^ be the unique element of with A^(loga^) = 2m. 

Then A/ (a^) = ZA^. 

Fix A; G Z Fix an element & G with 7 = x^a^rrijX'^ and let 



where the Haar measure da is determined by the metric and ^(7) equals 
I loga^l = yo\(A/ (a^). Note that I^ depends on the choice of x^. Geomet- 
rically, this corresponds to choosing a base-point on the closed orbit c. This 
dependence is not severe, as x^ is determined up to multiplication from the 
right by elements of AM^^, where is the centraliser in M of rrij. If we 
replace x^ by x^aoirio, then is replaced by a^'^~' I^. So in particular, the 
map \I1\ is uniquely determined by k and 7. Further, if 7 is replaced by a 
F-conjugate, say 7' = 0-70'"^ then one can choose to be equal to ax^ and 
with this choice one gets — ^k- 



The space C°°(F\G/M) can be viewed as the space C°°(F\G')^ of M- 
invariants in C°°(F\G). The volume element on X determines a Haar mea- 



(l)t{gM) = gexp{tHi)M, 



II : G°°{r\G/M) 



C 
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sure dg on G. Let R denote the unitary G-representation on L^(r\G) given 
by right translations. As F is co-compact, 

L'{r\G) - 0iVr(7r)7r, 

ttGG 

where the sum runs over the unitary dual G of G and the multiplicities A''r(7r) 
are finite. Here and later we understand the direct sum to be a completed 
direct sum in the appropriate topology. Then 

G~(r\G) = L\r\G)'^ = 0Arr(7r)7r°°, 

TreG 

where 7r°° is the representation on the Prechet space of smooth vectors. Fur- 
ther, 

G~(r\G/M) = G~(r\G)^ = 0A^r(7r) (tt^)"^. 

TreG 

Note that, as M centralises A, the representation R\a can be pushed down 
to G~(r\G/M). The linear functional satisfies 

l2{R{a)^) = a^'^PM 
for every a & A. This means that I^ is an intertwining functional. 

2 Intertwining functionals 

Let P — MAN be a parabolic with spht component A. Let ttiir, tim be the 
real Lie algebras of M and N and let m, n be their complexifications. The 
modular shift p G a* is defined by the equation o^p = det(a|n), where n is the 
complexified Lie algebra of N on which A acts by the adjoint representation. 
We estabhsh an ordering on the one dimensional real vector space ttR by 
tp> 0^t> 0. 

Let (cr, Va-) be a finite dimensional irreducible representation of M and let A 
be an element of the dual space a*. Let tTo-^a be the corresponding principal 
series representation, which we normalise to live on functions / : G ^ 
satisfying f{manx) — a-^~^Pa{'m)f{x). Let V^^x be the space of tTo-^x and let 
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be the space of smooth vectors in it. These can be viewed as smooth 
sections of the vector bundle E^r^x over P\G given by the P-representation 
{man) a^^''a{m). Note that restriction of functions to K identifies V"^°^ 
with the space of all smooth sections of the homogeneous vector bundle E„ 
on M\K given by the representation a. These can be interpreted as smooth 
functions f : K ^ Va with f{mk) — a{m)f{k) for m e M, A; e K. 

Let k e Z. A continuous hnear functional I : (V^^)'^ — > C is called a 
k-intertwiner, if 

l{n{a)v) = a''^n{v) 

holds for every a e A and V e {V^x) ■ Let V^^{k) be the space of all 
/c-intertwiners. 

Let Wq be a representative in K of the non-trivial element of the Weyl group 
W{G, A) and let no e be a fixed element different from 1. 

Proposition 2.1 Assume throughout that Re(A) > —p. Then we have 

diml/~(fc) = dimV^. 
More precisely, let I E V*. Then the integral 

J A 

converges for every f E {V^x}'^ ■ ''^^P ^ ^ ^ linear bijection 

Dependence on the choice of tiq: If we replace no by another non-trivial 

element n'^, then there exists aorriQ E AM such that tIq = aomono{aomo)~^ ■ 
Then I^f gets replaced with Qq ^ ''^k'l'^ where V — I o a{womoWQ^). 

Proof: The base space P\G of the bundle E^r^x consists of three orbits under 
the group AM, namely the open orbit [wo^o], and the two closed orbits [1], 
[wq] which are indeed points. We consider the closed orbits first. Fix / E V* 
and let Tq denote the distribution 



Toif) = /(/(I)). 
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Then Tq o R{a) = a-^+To, so Tq is a fc-intertwiner for a^^^ = a^+^. Let 
N = 9{N) and let Ur be its Lie algebra. Then the tangent space of P\G at 
the unit is isomorphic to n^. So for X G % we set 

Txif) = l{Xf{l)). 

Then Tx oi?(a) = a'^^'^'^""^, where is the positive root, i.e., ao = -^P- Fo'^ 
Xi, . . .Xfc G % set 

Tx,...xAf) = KX,...X,f{l)). 

Then Txj^...Xk ° -R(o) = a'^"'''''*'^^^. Since these span the space of all distribu- 
tions supported at 1 we see that we only get a fc-intertwiner supported on 1 if 
^k\^ _ g^+p+-d=ip fQj, some /c > 0. The latter condition implies Re(A) < — 
which is outside the range of the proposition. 

We turn to the other closed orbit [wq\. In this case, let Xi, . . . , X^ G Uk and 
define 

Sx,...x,{f) = l{X,...X,f{wo)). 

Then Sxi...Xk ° -R(o) = o f^d^P and likewise, all intertwiners supported 
on [wq\ he at Re(A) < —p. Since we assume Re(A) > — p, this means that 
every fc-intertwiner which vanishes on the open orbit is zero. As an M-space, 
the open orbit [tfo^o] is isomorphic to M/Mq x A, where Mq = SO((i — 2) C 
SO((i — 1) = M. So the M-invariant sections of -Eo-,a | [uiono] '^^Y viewed as 
the sections of a vector bundle F on [wonQ\/M = A. By Lemma 2.2 of |2] 
every equivariant distribution on F is given by a smooth section which must 
be y4-invariant, hence is uniquely determined by its value at one point. So 
the space of such distributions is in bijection with the fibre V*. Since it is not 
clear a priori that any intertwiner defined on the open orbit indeed extends 
to the whole space P\G, this argument only shows dimV^(A;) < dimV^. 

For the other direction we need to show the convergence of the integral I^f. 
So let / G and compute formally 

Ikfif)= I a{wonoa)^+n{f{k{wonoa)))a-''^'' da, 

J A 

where a and k are the projections G K and G ^ A of the AN K-lwasama. 
decomposition of G. Now l{f {k{wonQa)))a^^'^ is bounded, so we only need to 
show the convergence of 

J A J A 
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where tiq = a ^rioa. By the exphcit expressions derived in |2j this equals 

dt. 



^ ^ _(l+Rc(A)) 



^e* + e" 

where A = Ap, with Re (A) > —1. The convergence is clear. 

Finally we have to show the injectivity of I I^f. For this it suffices to 
consider sections / which are M-invariant and vanish in a neighbourhood 
of {l,wo}. Since no two points of the form woUoa are M-conjugate, we can 
prescribe the value of f{wonQa) arbitrarily as long as it is smooth in a and 
compactly supported. This implies injectivity. □ 

A sequence (cj)j6N of complex numbers is said to be of moderate growth, if 
there exist N E N such that 

\c,\ = 0{f), 

as j — >• oo. The sequence is called rapidly decreasing, if for every N eN one 
has 

\c,\ = 

as j — s> oo. The product of two moderately growing sequences is moderately 
growing and the product of a moderately growing sequence and a rapidly 
decreasing sequence is rapidly decreasing. 

Proposition 2.2 Let Re(A) > — p and a he given. Then for any I G V* and 

f e (VJ^)*^ the sequence 



k£Z 



is rapidly decreasing. 



Proof: By definition it is clear that the sequence = I^fif) bounded, 
as A^ is purely imaginary. Next, using integration by parts one sees that for 

N eN, 

k^ak = [ l{f{wonoexp{tH))k^e-'''^'^^^^dt 

= XjH)'' I liH"" f{wonoexp{tH))e-'''^-''''^dt 
Jr 



-N 



X,{Hrilf{H^f). 
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This, again, is bounded and we get the claim. □ 

If a is the trivial representation, then V„ = C and we can choose / to be the 
identity. In that case we write for I^f. 

An irreducible unitary representation (vr, \4) is called a class one or spherical 
representation, if the space of i^'-invariant vectors is non-zero. In that 
case one has dim^^ = 1 (see |3]). Let denote the set of all tt G G which 
are spherical. 

Proposition 2.3 Let n e . Ifn^l, then 

diml^;^(A;) = 1. 

//tt = 1, then V^{k) is zero unless k = in which case it is one dimensional. 
For every it G G^^^jl} there is a canonical generator I]^ given by the integral 
of Proposition \2.1i 

Proof: Since G^^jl} consists of the principal series tti^a for A G ia^ 
and the complementary series tti^a for < A < p the claim follows from 
Proposition 12.11 □ 

By an automorphic representation (vr, V^,?]) we mean an irreducible unitary 
representation (vr, 1^,^) of G together with an isometric G-equivariant linear 
map 77: L^(r\G). Then rj maps the space of smooth vectors into 

C°°(r\G). The automorphic representation (vr, K-, 77) is called a spherical 
automorphic representation, if tt is spherical. In that case, by Proposition 
12.31 it follows that for 7 as in section ^ and /c G Z there exists a unique 
complex number a)!'''^ such that 

IlHv)) = aY'Il{v) 

for every v G V^. The factor a^'^ carries the "automorphic" information. 

Since both sequences, Il{rj{v)) and Iliv) are rapidly decreasing, there is no 
a priori knowledge on the growth of (a^''^)^. All the more striking is the 
following theorem, which constitutes the main result of this paper. 
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Theorem 2.4 If d — 2, then, as T — > oo, 

fcez 

|fe|<r 

Ifd>3, then we have 

The proof extends over the next two sections. 



3 Triple products 

Let (tt, Vtt, rj) be a spherical automorphic representation. Since tt is unitary, 
there is an anti-hnear isomorphism to the dual c : V.,^ V* . Let tt denote 
the dual representation on V* = V^^. Let ^ be the complex conjugation on 
L^(r\G) and let f] be the composition of the maps 

— > K — ^ — > L\V\G) L'{r\G). 

Then rj is a G-equivariant linear isometry of into L^(r\G), so (tt, V^,fj) is 
an automorphic representation as well. 

Let A : T\G T\GxT\G be the diagonal map. Let A* : C°°(r\G'xr\G') ^ 
G°°{r\G) be the corresponding pullback map and let E = V^^V;^, where 
® denotes the projective completion of the algebraic tensor product. Let 
r]E denote the natural embedding E C°°(r\G')®C°°(r\G') ^ C°°(r\G' x 
r\G). For 7 as in the first section we get an induced functional on E, 

lA{y) = I^ O A* O r]E- 

In other words, ior w & E we have 

^A(7)(w) = y-^ / rjE{w){x-ya,x-ya)da. 

H7j JA/iaj) 
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This has the Fourier series expansion, 

fcez 

k&Z 

where the last hne defines w and we have used the fact that a^l = aj^'^ . 

Let (r, Vr) be another element of . According to j21 there is a canonical 
G-invariant continuous functional 

Tf : E C, 

and any other such functional is a scalar multiple of Tf". This induces a 
canonical G-equivariant continuous map 

. _^ yoo^ 

On the other hand we have A* o tje'- E ^ L^(r\G)°°. For an automorphic 
representation (r, VV, 1]^.) we have an orthogonal projection Pr^^ : L^(r\G) — 
Vr and thus we get a map 

r-* = Pr,^oA*or/s 
from E to ^j"". Hence there is a coefficient c{ri,riT-) G C such that 

Fix a complete family (r^j) of normalised, pairwise orthogonal spherical au- 
tomorphic representations rij : ttj L^(r\G). Then the spectral expansion 
of A* o r]E is 

3 

And hence, for w & E, 

j 

So we conclude 
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Lemma 3.1 



4 Proof of Theorem 12.4 

We want to make the formula in Lemma ITT] more explicit. For this let a G a* 
be the positive root. Let Hi E a he the unique element with a{Hi) = 1. We 
scale the metric b in such a way that b{Hi, Hi) = 1 holds. Fix an isomorphism 
n : ]R'^~^ —>■ N such that the M-action on N by conjugation translates into 
the action of the group SO{d — 1) on M.'^"'^. For x G M"^"^ let |x| denote the 
euclidean norm of x. 

For (f e C^{R) we set 

f^iwon{x)) = v3(log 

For given A G a* the function extends uniquely to an element of V^. 
For a = exp(tifi) G A we have a'^ = e''*^'^'"^*. We define A = so 
that = e^'^*'^*. We normalise the Haar measure da on A as usual so that 
J^g{a)da = g{exp(tHi)dt. Assuming that uq = n{xo) for some xq G M'^^^ 
with |xo| = 1 we compute for A; G Z, 



Likewise, for G C^(R^) let E E he defined by Wif,{won{x),Won{y)) = 
0(log log |?/|). We get 




w^{k, -k) 




(Pit, s) e(-*)(2-^+2..fcA,)-(.+t)^^^^^_ 



With w = W(i, as above, we want to compute /q^(T^*(w)). Recall that the 
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functional T®* : tt (8) tt (8) tTj — > C maps a given (f to 

^'Hv') = / f{wonoy.Woy,y)dy 
Jg 



w{wonoan, woan) f {ank) da dn dk, 

ANK 

where we have assumed (p — w <S> f ior some / e yfj. The induced map 
T^* : £■ — > TTj is defined via the pairing 

given by 

if^h) ^ I f{k)h{k)dk. 

JK 

The resulting map Tf. : tt tt — > tt j maps w into the one-dimensional space 
of X-invariants in TTj. The restriction of Tf.{w) to K therefore is a constant 
function taking the value 

^<pi'^j) — / w{wQnQan,WQan)a~^^^'' dadn 

JAN 

— I w{wQnQn,WQn)a~'^^~'' dadn. 

JAN 

We temporarily write / = Tf.{w) e tt^. Then f{k) — R(j,{\j) and so 
f{won{x)) = R^iXj)aiwonix))^^+''. 

So we can compute, 

f{won{a~°'xo))a''^'''^da 
f{won{-txo))e-'^^'''~^i+^^dt 



A 



I 



'I -|_ g-aJ^^i-jAj 



-dt 



R^{\j)(5{\,), 
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where (3{t) is the Schwartz function 

^ Y ^ 47r)if+d-l ^^ 

(See H 3.313.2.) 

It remains to compute R^{Xj). We get 
Jan 

= / 0(log|e~*xo + x|,log|x|)e-*(2^^^^+'^)rftrfx. 
Choosing xq to be (1,0,..., 0)* G R'^^-'^ we see that i?(^(Aj) equals 
/" ( ^ log ((xi + e-'f + xl + --- + xl_,) , i log (x? + ■ ■ ■ + xl_,) ] 

X e-*(2-^^^+^)(ittix. 

Being the Fourier transform of a Schwartz-function, the function i?^ is rapidly 
decreasing. 

4.1 The summation formula in the case d = 2 

The following summation formula is used in our proof, but is also of inde- 
pendent interest. 

Theorem 4.1 (Summation Formula) Let (p be a smooth function of compact 
support on M^. For d = 2 the expression 



fcez 

equals 



oo „ 

2Yc{v,Vjyo'^f3{Xj) / (p{a,b)e''+'' ((e" + e'Y^'^'~'^ + le"" - e'\^^''^^-^) dadb. 
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Proof: In the case d — 2 the number R<p{Xj) equals 

(/)(log \x + e-*|, log |a;|)e-*(2^^^^+2)dt dx. 



I 



The integration can as well be extended over the set fl = {x 0, x+e"^ ^ 0}, 
which we decompose into the three sets Q,i — {x > 0}, 0,2 — {— < x < 0}, 
and Vl^ — {x< — e~*}. Let c = Ci + C2 + C3 the corresponding decomposition 
of the integral. Consider the map 

{x,t) I— > I log |a; + e~*|, log |x| 

\ =a =b 

Writing log \x\ — | log(x^) we see that -0 is dfferentiable and we compute its 
functional determinant | det Dt/j\ — e~*""~''. 

Let first {x,t) e Qi. Then e'' ^ x and e" = x + e~*, so that e~* = e" - e'' 
and I dct D^\ — e~"~*(e" — e^). Further, is a diffeomorphism from Qi to 
{a > b} and so we see that ci equals 

/ (j){a, 6)e"+''(e« - e''f''''^^-^/^da db. 

Jia>b\ 



Analogously we get 



and 



C2 = r (P{a, 6)e»+^(e" + e^f''''^^-^/^da db, 
C3= [ (p{a, 6)e"+^(e'' - e'^)2"^^^-^/2^a db. 

Jia<b} 



'{a<b} 

The proposition follows. □ 

Lemma 4.2 The sequence c{r],r]j)aQ^'"' (3{Xj) is of moderate growth. 

Proof: Let (pj G ttj be the unique /T-invariant function which on K takes 
the value 1. Let (pj = r]j{ipj). Then 
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By Plj the sup-norm of satisfies 
So that 

Weyl's asymptotic law says that 

#{j : |A,| < x} ~ cx'' 

for some c > 0. This imphes that the sequence oPq'"^ I3{\j) is of moderate 
growth. For the numbers c{ri,rij) it has been shown in that 

|A,I<T 

for some C > 0. (The sequence c{ri,rij) is named Oj in [2^.) This imphes that 
c{ri,rij) is of moderate growth. □ 

We now plug special functions into the formula of the proposition. Using 
convolution one constructs s function ip G C^(M) such that if) and ip are 
both non- negative functions and such that ip{C} > 1 for |^| < 1. Here 
denotes the Fourier transform, 

= / ^{x) e-2""«da;. 



Give such V', let T > and define = 0t e C^{^) by 

' s + 

y 

A similar test function was used in JU]- We compute 



[s,t)=T^{T{s-m 



A + k\ 
T 



So we get 

feez feeZ 
|A+fcA^|<T 



7 



T 
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and this equals ilj{l/2TTi)~'^ times 

oo 



Analogous to the above we compute 



I -Ai - — ) X 



1 



^{a) (^(2cosh(a/2r))2-^^-i/2 ^ (2 sinh(|a|/2r))2-^^-i/2j 

as T ^ 00 uniformly in j. As ijj (^—Xj — is rapidly decreasing, the d = 2 
part of Theorem 12.41 follows. □ 



4.2 The summation formula in the case d > 3 

Let us now consider the case d > 3. Setting = x| + ■ ■ ■ + x^_-^ and using 
polar co-ordinates, we see that R(j,{Xj) equals vol(_Brf„2)('^ — 2) times 

[ r (I log ((^ + + > i log (a;' + r^)] e-*(2"^^^+'^)dr dx. 

Here -Bd-2 is the solid ball of radius 1 in W^^^. 
Consider the map 



: M X M+ X M 

'ilj{x,r,t) = 



( ^ 1 ^ 

- log ((s + e-'f + r') , - log + r^) , t 

\ =a =b / 
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A computation shows for the Jacobian: 



det{D^jj) = 



re 



— re 



-{t+2a+2b) 



((a; + e-*)' + r2)(a;2 + r2) 
The map is a diffeomorphism onto the open set 

n = {{a, b, t)eR^: (e'' - e"*)' < e^" < {e'' + e"*)'}. 
For ;2 e C let 



K,{a,b) = / ln(a,6,i) 



g2a _ g26 _ g-2t 



We note that (a, b.t) E is equivalent to — log(e" + e'') < i < — log(|e" — e''|), 
so that we can write 



K,{a,b) = 



-log(|e<'-e''|) 



g2a_g26_g-2tx 2 



2e 



-log{e''+e'') 

For a 7^ 6 this integral converges absolutely for all z. We conclude that 

R<t>i^j) = {d- 2)vol(5d_2) / (j){a, b)K^^.-^.{a, b) dadb. 
Summarising, we get the following summation formula. 

Theorem 4.3 (Summation Formula) Let(f) be a smooth function of compact 
support on M^. For d > 3 the expression 

equals 

(ci-2)vol(S,_2) J]c(ry,7y,)a2-"/?(A,) / ct>{a,b)K^^,-^ {a,b) dadb. 
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Again we set 

<f>{a,b) ^T^{T{a-bm{a + b)/2), 
and we get that b)K2my{0', b) da db equals /r(y), where 



frit) = / TH{Ta,b,t)dadb, 

' {2e^ smh(|a|/2)<e-*<2e'' cosh(a/2)} 



and 



H{a,b,t) = V(a)V'(&) 



g26+a _ g26-a _ ^-2t\ 2' 



^4b-t(d-3)/2 



We claim that is a Schwartz function, i.e., that for every N,M >0 there 
exists Cm at t > such that 



f?\t)\<CM,NAi + \t\ 



Moreover, for A'" > 1, the constant Cm,n,t can be chosen independent of T. 

The claim is immediate for = 0, but it is not obvious, why J't is differen- 
tiable. For this write HT{a,b,t) = TH(Ta,b,t), and for /i 7^ consider the 
difference quotient which equals 

— I Hxiajbjt + h)dadb — — j HT{a,b,t) dadb 



■<e-^-"'<.. 

As /i ^ 0, the first hne tends to 



1 f 

— I HT{a,b,t + h) — HT{a,b,t)dadb 

4/ -/ 

J —<e-*-^<... J ■■■<€- 



HT{a, b, t)da db. 



/H'rp[a, b, t) da db, 
•<e-'<... 



where H'j, is the t-derivative. For h > 0, the second line equals 
1 



h 



2e^ sinh(|a|/2)<e-*-''<2e'' cosh(o/2)<e- 



Hxia, 6, t) da db 
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Hxia, 6, t) da db. 

e-*-''<2e''smh(|a|/2)<e-'<2e''cosh(a/2) 



The first of tfiese two summands tends to 



whicli equals 



e-/i/.(a,log(i^^j^^l,i|da 



and tlie second to 



and this is 



-e-/i^T(a,log(i-^^),t)da, 



-e * / if ( a, loK ( - — r^TT-^^ , ^ 1 da. 

\2sinh(|a|/2r)y ' 



The case h < is dealt with in an analogous fashion and yields the same 
limits. From this the claim follows easily. The claim implies that /t is rapidly 
decreasing, independent of T, which implies the second part of Theorem 12.41 

□ 
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